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1 Notations.

In this situation, assume that for each i, f;(x) is L-smooth.

x®) = (2N T @) T: s (@) T] € R"* is the matrix composed of the variables from all the
nodes.

ViR = VE(xF) = [VF (xgk))T; s VFn(x%k))T] € R"*4 is the matrix composed of the true
gradients from all the nodes.

g = VF(x®;e®) = [VF (2 (k), (k))T; e ;VFn(x%k); T(Lk))T] € R"*4 is the matrix com-
posed of the stochastic gradients from all the nodes.

Vi(w®) = VF(w) = [VF (w®)T; - ; VE,(w*®)T] € R"*4 is the matrix composed of
the values of the true gradient functions of all nodes evaluated at w(*).

w®) = 7Tx®) wk) = 4 x®
z=4Tx, x=11,1Tx

AP — x(B) _ (k)

AP = y® _p y® = (1 - B )y®
A(k) _ g(k+1) _ g(k)

y=1i1ly, y=11,11y

(k)

VY = 1Tvek

2 Analysis: Basic

2.1 Rolling Sum Lemma

Lemma 1 (ROLLING SUM LEMMA). For a rolling sum using primitive and row-stochastic matrix
A € R™ " we have the following estimation:

T ok
DD A - D)3 < SAZ 1A®Z, €]
k=0 =0

=0

where AW € R"*4 gre arbitrary matrices, and s 4 is defined by:

. & 1+ %IH(H(WA)) 1+ %IH(H(TFA))
54 1= rélgé(”A — A2 11—, S\/E'W- 2

Inequality (1) also holds when we replace every A with column-stochastic B, where sp is defined by:

. + 1 In(k(rp)) 2+ In(k(7g))
= - — < —
sp = |IB" = Boolla —— 5 = <V T @
Proof. First, we prove that
| A" — Aso|l2 < V/k(ma)BY, Vi > 0. “)

Notice that 84 := ||A — Ao ||, and
1A° = Ascllma = (A = Asc) lns < 1A = Ascllr, = B,
we have

(AR = Aol = 132 (AF = A)ollay < EABE N0llna < Vi(ma)B5 [0,
which proves ([@).
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Second, we want to prove that for all £ > 0, we have

k 1
i 1+ s In(k(ma
> laf —Ao<>H2§JVfA'—21 (slma)) =:s4. ®)
— —Ba
Towards this end, we define M4 := maxg>o |A* — A ll2. My is well-defined because of
@). We also define p = max { ol K(ﬂli(;Al)n(MA) 0} then we can verify that |4 — A, ||z <
min{ M4, M4’ "}. With this inequality, we can bound Zf:o | AR~ — A ||2 as follows:
k A min{|p|.k} k A
SNA —Aglla= > AT = A2 + > A" = Ascll2
=0 =0 i=min{|p],k}+1
min{|p|.k} k

< Z Ma + Z MAﬂi;p
i=0

i=min{|p|,k}+1

1 min -
<M~ (L mind[p), k) + Ma - g3, (©)
If p = 0, (6) is simplified to Zf:o AR — Alla < My - 1=5; and () is naturally satisfied. If
p>0,letz =min{|p|,k}+1—p€[0,1), @) is s1mphﬁed to
k e 1
AR ALl < M A M )
Z:H 2 A($+p+1 5A)_ A(p+1_ﬁA)
Noting thatp < 2 ln(“éﬂ 4) e finish the proof of (3).
Finally, to obtain (I), we use Jensen’s inequality. For positive numbers a;,7 € [k] satisfying

k
Y io @i = 1, we have

k
(AR = A)ADT = [ an—i- o 1(A*7 = A) AV

=0

-

(=)

k
ap-iflap 2y (A = A ) AV L < Y a4 - A |31 A0 3 ™
=0

M=

(e}

<
By choosing aj,_; = (328 [[AF~F — Ao |l2) 1| A*~¢ — A ||z in (@), we obtain that

k

k k
1D (A = A ) AV T <Y A = Axllz - Y IIAM = A2 IAVE. ®)
i=0

=0 =0

By summing up (8) from k& = 0 to 7", we obtain that

ZIIZ Ab=i 4 A<>||F<sAZZHA’“ — Ascll2IAD3

k=0 i=0
T
a3 A = A IAD [ < & 3 A2,
=0 k=i =0

which finishes the proof of this lemma. The proof can be applied in the same way when B is
column-stochastic.

O

2.2 Basic Transformation

The following statement holds for all £ > 0.
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1. g™ =g®) vk > 0.

5 Agﬁk-&-l) — x(k+1) _ (k1) — 70[226 O(Akfi _ Aoo)y(i).
3.0yt = ot piy () st gt (glhbd) gl
4. AFY = (B = Boo)AP + (B — Boo)(I — Boo)AY.

2.3 Technical Lemmas
Lemma 2. The gradient consensus error can be written as the following rolling sum:

IAJY)] ZIIB Boo)"H(I = Boo)AY || %
=0

k
+23° <(B — Boo)FHAY (B - Bo) (T - BOO)A5>> .
=0

Proof. Taking norm on both sides of A(kﬂ) (B-B )A( )+ (B — Boo)(I — BOC)Aé ), we
obtain that

IS = 1B = Ba) AP+ 2 (B~ B) AP, (B~ B)(I ~ Bu)g™®)
/(B = Boo) (I = Bo)g® 7.

We can unfold the term || (B — Boo)Aék) |% in the same manner. By repeating the unfolding process

from k to 0, we obtain the lemma. O
Lemma 3.
T &
S S BB - B)AD 3]
k=0 i=0

T T
<6no*(T +1)spMp + 18s% L? Z]E {Hx(kJrl) — w121 4 9a%5% L2 ZE [||Aocy(k)|\%}
k=0 k=0

Proof. Consider E [||(Bk_i — Boo)AY HQ}, we have that

E[I(B* - B) A
<BE [[[(B¥F = Bo) ("4 = V(")) |P] 4+ 8 [[(B¥ — Bo) (VI () = V7 (x)) P
+3E [[| (B~ Bao) (g - VS (x))?]

<6n?|| B~ — Buc|” + 3E [|(B* = Buo) (V<) = V1 ()|

For the first part, we have that
T

T k T k
) 6no?||B¥ T — Buo|> <600y Mp Y | [|B¥ = Boo|| < 600 Y Mpsp = 6no”(T + 1)sp Mg

k=0 i=0 k=0

For the second part, by applying Lemmaon Sro K VBE[(BF = Bo)(VF(xHD) — W f(x®))[|2],

we obtain that
T

T k
SN TR [I(BF = Bu)(VACHD) = VAO)|P] <355 3R [IVAxEH) - VixO)F]

k=0 1=0 k=0
Note that
V) = VD) = VE) - v F(wE) 4+ v wED) - v F(wh)) + v f(w)) -
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we can apply Cauchy’s inequality and obtain that

E[IV/(x+) = V7 (x D)3

<3E ||V /() = T f(wEHD) 2] + 3E [V £(wEHD) = ¥ f(w)|[3] + 3B |1V £(w ) = 77 (x93

<3L2x D) — w2 4 322 )x®) — w2 4+ 302 LE | Aoy ™3]

So we obtain the lemma

Sk [I(B*~ = Bo) AP |]

k=0 i=0

T T
<6n0*(T + 1)spMp + 18531 Y E [Hx(“l) — wlkD) ||i~} +90%s3 LY E [||Aocy(k) H%}

k=0 k=0
0
Lemma 4.
k

ZE {<(Bk:7i+1 o BOO)AZ(])’ (kai o Boo)AéZ)>]

i=0
<(O50m; !+ LZbk E 1A +05maL Y. b 14y ]

=0
k k k
+0.50L S by E [||x<i+1> — w(tD ||] +0.50L S by E [||x<i> —w® ||F} +n0% S b
i=0 =0 i=0

Proof. Notice that
E [AS)IF(“} ) [(Vf(i“) VDY 4 (VO - g<i>)|f<i>}
and the basic transformation (B — Buo)* "% (I — Bso) = (B*™" — B,,)(I — Bso) = B¥ — B,
(

the term £ [<(B - Boo)k_iHAg(f), B
product.

— Boo)k_iAg) >} can be decomposed to two terms of inner

E [<(B — Boo)k—i+1A§i), (B — Boo)k_i(l _ BOO)AE;)H
=K [<(B - Boo)k—i+1A?(j)7 (B — Boo)k—i(vf(i-H) _ vf(i))>}

IR [<(B _ Boc)kfiJrlAl(j)’ (B — By )P4 (V) — g )>}

The first term is E [<(B — Bo)FHIAD (B — B )Ri(V D Vf<i>)>], which can be
bounded by the Cauchy-Schwarz inequality as follows

E |:<(B _ Boo)k_i+1A?(Ji), (B _ Boo)k—i(vf(i+1) _ Vf(z))>:|
<L||(B = Boo) 2 [(B = Boo)* B [ AP JIIx+Y — x O ©)

Letby_; = ||(B— Boo)* " |2]|(B — Boo)*~*||2. By further using triangle inequality on the relation
x(H) — x(0) = x(+1) _ w4 4 w0+ _ w@ 4w — x(®) we can bound ||x(+1) — x(@|| in
Dlas:

) = O] < D — w4 Ay @ 4 [ — w)|

so we obtain that

E K(B _ Boo)kfz#lA?(j), (B — Bo)F—i(Vf+D — Vf(i))>} (10)
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<aLbyiE [[ Ay D AG]] + LbyiE [JxC+ — w0 AP
+ LbiB [ Ix® = w A
By Young inequality, we can further bound[I0]as
E[((B = Bu) 1 AD, (B — Boo) (V0D = v 1))
<05Lbe—i{am; " + 205 )E [[AP]] +0.5maLbyE [| 4wy
+0.5m Ly [[xD — wl D[] 40,50, Loy [[x© — w?| (11
For the second term decomposed from E [<(B Boo) 1AM (B — Bo)Fi(I - BOO)AS)H,
whichis E [{ (B — Buo) "1 AP, (B = Bu) (V1) — g0) >} we have
E K(B — Boo)HAD (B = B )RV — g) >}
—E [((B""*! = B)(I = Bu)y, (B* = Bo)(V© = g))]
(B! = Boo)(By ") + g — gl 1) (B = B)(V/©) —g))]

Since y(i=1), g(i=1) and V f () are F~Y-measurable, E [V f(©) — g | F(=1] = 0. Therefore, we
can further obtain that

E {<(Bk—i+1 _Boo)Ag(/i)a(Bk_i _ )(Vf z))>}
=E [<(Bk—i+1 _ Bm)(g(i) _ Vf(i)), (Bk—i . Boo)(Vf(i) _ g(i))ﬂ
The above expression can be reduced to

E[((B* ! = Bo)AD, (B = Bo)(Vf — g))]

=E |tr (g% — V) Tdiag((Bow — B¥ 1) (B = B)) (g = V) )|
§0_2 Z Z Bk Z-‘rl) p(Bk—i o Boo)qp
p=1|g=1
0% Y[ D (Boo = BRI Y (BY - B,
p=1 \ g=1 q=1
<0%||Boo — B¥7| - | BF — Boo|| < no?by—; (12)
Combine[TT]and [12} we obtain the lemma. O

Since 1o S0 AV 1% = SSE  IIAD(|2 ST ¢y, next we give a brief discussion of the
sizeof ), _, Cri.

Lemma 5. For bj,_; := ||Bk—l _ BOOHQIIB’“‘ZH _ B.,

9, we have the following inequality:

Zbk l<M21+ln( ATB)) ongen (13)
- B%

Proof. By definition of Mp := max;>o{|| B’ — B ||2}, we have by_; < M3. Besides, alike to (@),

we have || B® — By |2 < \/k(mp)B%. Thus, by defining p = max { ln(”(ﬂfﬁ(gé;‘(MB) 0} we can




101 verify that b; < min M%, M35 "7, > 0. With this inequality, we can bound Zfil by_; as
102 follows:

T min{| 251 ],i} T—1
Db < > ME+ Y MpsyTT?
k=l =0 i=min{[ 251 ],i}+1
242|251
<M2-(1 +m1n{L—J i}) + Mp - — BQﬁ“ J=r (14)
103 Then, we can repeat the discussion of @ in Lemma|I| and obtain this lemma. O

Lemma 6.

izk:E [<(Bk—i+1 _ BOO)A.,(}'), (Bk—i _ Boo)Agi)ﬂ

k=0 1i=0

T T
Mysnton+ 30502 38 [|A01] + Masamar 35 1<y
k=0 k=0

T
+ 2MBSB?72L ZE |:||X<k+1) - W(k+1) ||:| + 2MBan02(T + 1)
k=0

104 Proof. Notice that

T k T T T T
S b E [AU)} =Y E [A@} Y bii < 2Mpsp > E [A@} = 2Mpsp > E [AW]

k=0 i=0 =0 k=i =0 k=0

105 We substitute Lemmal5]in Lemmafd] and obtain that

T k
SE[((B ! = B)a)), (B - B)A)]

k=0 i=0

T k
<(05an; "+ DL D b {||A(>||} +05n1aLZZbk . [Ileoy“)H}

k=0 1i=0 k=0 i=0

+05772LZZbk [||X(i+1) (z+1)M +05n2LZZbk i {Hx(i) ()H +n02zzbk .

=0 1:=0 =0 1=0 =0 =0

T
<Mpsplon;* + 207 )L Y E[A0]] + MBSBWLZE [1400y®1]
k=0 k=0

T T
+ MBSB’I’]QLZE {Hx(k*l) - W(k-H)”} + MBSB’I]QLZE [Hx(k) - W(k)”] +2Mpspno®(T + 1)
k=0 k=0

106 SO we obtain the lemma

izk:E [<(Bk—i+1 _ Boo)Agi); (Bk—i _ Boo)Aéi)>:|

k=0 1i=0

T T
<Mpsp(anr +207 )L E [[AP]| + MpspmaL Y E [ 4xy® ]
k=0 k=0
T
+2MpspnL ZE [||x(k+1) — wik+l) ||] +2Mpspno®(T + 1)
k=0

107 O



108 2.4 Gradient Consensus lemma

109 Lemma 7. By setting n1 = 10MpspalL,ns = 20MyspL, and o < m, we have
T T
Y E [|\A§f> ||2} <20Mpspn(T + 1)o” + 200s5M3L* S E [||A§f“) ||2]
k=0 k=0

T
+ 120nc*a?sy M3 L? ZE [||§(k)|\2}
k=0

110 Proof. We substitute Lemma[3]and Lemma [6]in Lemma 2] and obtain that

T
(1= 2MpspLlan;* +2071) Y E[A0]?]
k=0

T
<10Mpspn(T + 1)o? + (1855 L* + 4Mpspnz L) ZE [||X(k+1) - w(k“)\ﬂ
k=0

T
+ (90”53 L% + 2Mpspmal) Y E {I\Aooy(k) Hz}
k=0

111 Noting that
E [l 4wy ® 1] < 2B [ 4 By ®II?] + 2E [ 4w AP 7] < 2n¢”E 5% 2] + 20/ Awc|PE [ AT )]

112 Where ¢ = nm 7. And we have

T
(1 - 2MpspLian " +2n;") — 2| Aucll3(9as3 L% + 2Mpspmal)) S E {||A§k)||2}
k=0
T

<10Mpspn(T + 1)o” + (1853 L% + dMpspmL) Y E {Hx(’““) — wkHD) ||2}
k=0

T
+ 2nc?(9a?sL L + 2Mpspmal) ZE [Hg(k) HQ}
k=0

113 By settingn; = p - Mpspal,ns = 2p - MpspL, we have
(1 —2MpspL(any " +2n;") — 2| Ax|3(9a?s5L? + 2Mpspmal))
4
=1- o 20°sH L[| Accl3(9 + 2M3p)

114 Let spL||Ac||2 be denoted as D = sp L[| Ao ||2. We want 3 < 1 — % —2D%a%(9 + 2M3p); this
115 is equivalent to the following inequality

9D2a2(9p + 2M2p?) < g —4

116 By setting p = 10, solving the inequality yields an upper bound for a:

1 1
< =
@ \/ 2D2(20002 + 90) \/25%L2||Aoo||§(200M% +90)

117 Substituting 77 = 10 - MpspaL,ny = 20 - MpspL, we obtain that

T T
SOE[|AP 2] <20Mpspn(T +1)0® + 255 L*(18 + 80ME) 3 B x5+ — wlk+)|2]
k=0 k=0



T
+ 4n02a2523L2(9 + ZOMEQ;) ZE [”g(k)Hﬂ
k=0

Since Mp is typically larger than 1, we can simplify the upper bound

1 1 1 1
< = < <
25v/n||wal|MpspL  25MpspL|| A \/580M]23323L2||A00|% \/2523L2||A00||§(200M]23 +90)
118 and the inequality

T T
Y E [||A§ﬁ> HQ} <20Mpspn(T + 1)0” + 255 L7(18 + 80M3) Y E [||x(k+1> — wlk+D) HQ}
_ k=0

+4nc’a®sL L2 (9 + 20M3) ZE[H #)2 }
k=0

T
<20Mpspn(T + 1)0° + 20055 MEL* Y E {||x<’“+1> — wk+D) ||2]
k=0

+120nc*a sBMBLQZE {Hg(k)H }

119 We finish the proof of the lemma. O

120 2.5 Consensus Lemma 1

. . 1 1
121 Lemma 8. By setting o < min{ TN Py RV P YTy }, we have

T
S IAF|? <2 (20753 [Inp — Ln||* + 240nc”a*s% sE MBL?) Z g™ 12
k=0 k=0

+ 80na?s4 Mpsp(T + 1)o?

122 Proof. By definition of w(®), we have AFTY = x(k+1) _ wh+1) = _q Ef:O(Ak_i — Aso)y@.
123 This implies that

||X(k+1) _ (k+1)H2
k .
—042||Z AR = A )(I = Boo)y™ + > (AF — A ) Booy @2
=0
k .
=a?|| Z AR — A ) (T = Boo)y™ + ) (AR — A (nmh — 1)
=0

k
<207 Z(A’H — Axe)(I = Boo)y? | + 27| Y (A — Ase)(nhy — 1)5"|

=0

124 By summing up £ = 0 to 7', we have that

T
Z ||X(k+1) _ W(k—H)HQ

<2a22||ZAkZ— Y(I — Bao <Z||+2ORZ||ZA“— Y(nrh — 1,)5|

<207 3 AP + 2026 k- 123 502 (4
k=0



125 By further applying Lemma[7)in[T35] we have

T
(1 — 4000253 55 MEL?) Y [l — wh+1))2
k=0
T
(2a 8A||n7TB -1, || + 240nc2a? SASBMB Z (k)||2

+ 40na?s3 Mpsp(T + 1)0? (16)
By setting
1 1
QOSASBMBL, 25\/>||7TA||MBSBL}

126 we have 1 — 400a?s?% s, M2 L? > 0.5. Therefore, we can double both sides of [16|and complete the
127 proof. O

a < min{

128 2.6 Consensus Lemma 2

. . 1 1 1 Vn
120 Lemma9. By setting o < min{ -, S Al e’ 50555 oL 8SA||n7T]37]ln‘|L}~, we have

T

4
Z |AR)|12 <80na?si Mpsp(T 4 1)0? + — (2a shlnmp — 1,,||* + 240nc®a* s’ sEMEL?) (T + 1)o?
k=0

T
+ 8 (20%s% |Inmp — 1, ||* + 240nc?a’sh sy MBL?) Z [V f (w®)]|
k=0

130 Proof. Consider the inequality [6]in Lemmalg]

T
(1 —4000°s% s MBL?) Z B+ (k+1))2
k=0
T
< (2a2s?4||m1'3 — 1% + 240nc*a*s} s M3 L? Z (k) 12

+ 40na?s3 Mpsp(T + 1)0?

131 Since
i 1
E [||g<k>||2] —E [||n11§ (g(k) — VEW 4+ VE® — VE(w®)) + VE(w )) ||2]

2

, AL
<=0’ 4+ —
n

2

,  AL?
= -0+ —
n

E[IA8 2] + 4B [V £(®))?]
a7

1
E [JA®1] + 48 || 1195

132 we have that

412
<1 —40002s% 55 MBL? — ——

(202s% InTp — L, ||* + 240nca’ sy s M L > Z A2
<40na’s3 Mpsp(T + 1)o?
2
+ - (20255 |InTp — L, ||* + 240 s% s MBL?) (T + 1)0”

T
+4 (20425124||mr3 — 1% + 24071020[482AS%MBL2) Z [V f (w™)]|2
k=0
133 We use caL < 1 to simplify the upper bound of o

4172
40004 s5 MAL? + —— (Za sallnme — 1,||* + 240nc®a*s% sEMEL?)

10



L2
<40002s% 55 MEL? + (202s% InTp — L, ||* + 240na?s% s M)
n

160254 L?||nmp — 1,

<1600a%s%s5 MAEL? +

n
134 Since
L a00a2e2 s ME L2 - aL? — (2a%s%||[nmp — 1,||* + 240 MZL?)
B ASBMp TB ne®atsh s My,
412 1
<= 4000?s% s MEL? + o (20255 ||nTp — 1, || + 240nc*a’ sy sE MEL?) < 3
32a%s% L? -1,
< 32000°s%s5 M3 L% + sl s H <1
n
135 S0 we can obtain the upper bound of o
1
a < min{ , vin }
SOSASBMBL 88,4“7171’3 — ]lnHL
136 and we obtain the lemma.
= 4
Z |AR|12 <80nasi Mpsp(T + 1)o? + - (202s% ||nTp — L, || + 240nc*a’*sy sy MEL?) (T + 1)0?
k=0

T
+38 (20423124Hmr3 — 1% + 240n02a45124323MBL2) Z IV f (w™®)]|2

137

138 2.7 Descent Lemma: Basic

Lemma 10.

éjﬂwﬁ“}
(0)

S o (B ) E ] 2

2”71-14”2 « d (k) 2 1 T (k)
e (o e'L) 2B AP1] + 77 (4caL - 4) >k [||Vf<w 9)I?]

L2V

139 Proof. Since w*+t1) = w®) — anly(*®) we can apply the descent lemma and obtain that

oL X
F@®) < f®) - a (hy®, Vi @®)) + T2 rky® )|

140 Taking conditional expectation, we have
E[0®+)] < B [0®)] -k [(#y®, 7)) + SLE [1n5y® 2]
141 Noting that 75y ) = cg*) 4 WAA( , we have
80w - 2 )
< — cak [(g, 91 w))] - oB [(#5A0, 7 ()] + © L8 [y @)
= - ok [(T7, V1(®))] - ok [(5A00, V1w®))] + 28 [inky ]

11



co —=—=(k) ca k)
<— TE VIV 1] = SE[IVF@®))2] + TE[IVFY - v @®))?]
2 2
« cx
+2E [nwiA(“n?} + 2 [0 )] + SLE [ty )]
(k) 12 co k)
=— ZE[IVFV 1] - SR [IVF@®)?] + 5 E[nw VS (w ™))
aQL
+ ;E [Im5 A0 2] + = [y ®)|1]
142 Notice that
(k) (12 17 *) W] < 2K 5 Tix® _ w®) )2
E[IVFY = VA®)|2] =B |I-0T(VF®) = VAw®) 2| < ZE [[x®) - w)?]
143 we can obtain that
(E+1)\| _ (k)
E[f(w®)] —E [ f(w®)]
co —=—(k) co cal? X ,
<-SE|IVF71R] - ZE [\\Vf(w(“)nﬂ + EE [ - w)?]
n
+ 2B [Im5aP)?] + LR [Inky® ] (18)
144 Further notice that
Im5y @2 = 175 Booy® + 751 = Boo)y M2 < 26%gM |12 + 2 w5 AP |12,

145  where ¢ = n7T£7r B, and the same as we have

2 4172
E[lg®|?] < 2o+ —E

146 Where the last inequality utilizes the property that the gradients and stochastic gradients of each node
147 are independent of each other. So we have that

[1AP12] + 4E [ ()]

B [||7T£y(k)\\2} < 2¢°E {||§(k)|| } + 2|7 AR
4c* ,  8c*L?
g

n n

<2|malPE [|AP)2] + E (1AW 2] + 8B [Ivs@®)2] a9
148 Substitute [[9]to[T8] we have that
E[f(w®)] - E [f(w®)]
ca_ ==k cal?  4c?a’L?
<- 5B [IT7P] + (B + B [lae]
n n

2¢%0%L

lmall? (5 +0?L) B[IAP]?] + =0+ (4%’L = ) E [V £(w®)?

149 By summing up from k£ = 0 to T, we obtain the lemma.
1 ¢ (®)
0z
T ;0 IV

AVF(w®) =V fw™)) 2 (L2 | deal? d ) deall
= ca(T +1) T+1 ( ) kg [HAI ”2} + TUZ

+<£i”fi'>';</ QL)ZE[”A ] + 7 (4caL—)ZE[||Vf ©)2]

150 We finish the proof of this lemma. O
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151 2.8 Main Theorem: Basic

. ; < mi 1 1 1 Vvn 1
152 Theorem 1. By setting o < min{ 357, 1555 /mTralilasnl’ S0sis5 oL Ssalne “TLE" 4L\/ﬁ—2},

153 we have that

LS o] AT VIO | g e ATI0O) - VWD) | g
T+1 - -
k=0

ca(T +1) ca(T +1)
154  Where
~ 4 1200n||7 2M25 17000 5 400
D; :n I ;‘2” B a n| A||25 MBSB + 160n5AMBsB < + —|| mall MBSB>
40 12000
+ (n%z R |mall*MEs B) (23§1||n773 —1,|? +24On8?45?3M§) (20)

~ 80 24000
.- (0

QMBSB> (2s% |Inmp — 1,,||* + 240ns% sEMB) Q1)
155 Proof. Substitute E::o E {HA;}C) ||2} in Lemma by Lemma we have

e 97

2AVf(w®) - Viw®)) 2 N\ &
= (T 1) T <4C°‘L - 4> S E [V

k=0
2 L?  dcal?
+ 51 ( + +200] 74| Mgs‘fBL?( )) Z]E (1A% 2]

4deal 1 L
—|—< «“ +40n||m4|*Mpsp (CQ—FCMC)) o?

T
240n||ma||> M3 s? _
o BSB (a2L2 +ca3L3) ZE [||g(k)H2:|
k=0

The same as[17] we have

B (151 < 2o% + 28 [JAW 2] + 4k [V )]

156 and we have that
LS &[]
T+1 —
<2(Vf(w(°)) — Vf(w™))
- ca(T +1)
2 L? L deal®
T+ 1 n

T
1  alL
+200lmalPags3 e (5 + 25 ) ) OB 1P
k=0

T
(@®L* + ca®L%) Y E [\|Aff>||2]
k=0

4dcal 1 L Q.
+ ( «“ + 40n||T4l*Mpsp (02 + ac) +480||wa|*Mp s (o L? +coz‘3Ld)> o?

960||m 4|2 M3 s%
T+1

T
2 2772 .2 272 373 1 )2
+ Ti1 <480n||7r,4|| Mpgspy (oz L* +ca’L )+4co¢L7 1 kgoE [HVf(w( ))H }

13



157

158

159

161

162

163

164

165

166
167
168

Substitute ZZ:O E {HAgEk) ||2} by LemmaH we have

T
1 (k) 12 2 272 373 D3 (a?) 1 (k)\|12
THZJE[HW I } <7 (480n||7r,4|| Mps (o*L? + ca® L) + 2= + deal — ’;E[HVf(w ) }
2(Vf(w®) — Vf(w™)) 2
D, (1
i ca(T +1) +D1(l)e
Where
4call 1 al
D;(1) = + 40n||7 || MBsB< 5 + )+480n|7r,4|| Mpsy (0L + ca®L?)
L2 dcal? 1 L
+ 160no SAMBSB( + 2 1 200||ma |2 MBS L (c2 + O;))
L2 dcal? 1 L
n % (n 2 200||mal|2M2 s L2 (02 n O;)) (20284 |nmp — 1)) + 240nc?as% s MEL?)
+ 7680n||mal|>s3 M3 s (a*L* + ca®LP)
4 2 M2 52 5 305
+ 38 OH/]TAT|L| BSB (012L4+03043LO) (20[25124Hn7TB _ ]]-n||2 +240n020645?4523MBL2)
and

al

4eald 1
+200||wa > M3 5% L? <02 + c)) (20255 |InTp — 1, ||* + 240nc*a’s% s MBL?)

L2

Do (a?) =16 ( +
n

+ 7680||7TAH MEsh (o®L* + ca®LP) (202 8% |[nmp — 1, || + 240nc®a*s% s MB L?)

Use the bound ca L < 1, we obtain that Dy (1) < Ds, Dy(a?) < a2L2Do, where

D, :% + 1200””242”2]\4%83 170000 |mall®s3 Mpsh + 160ns% Mpsp (5 + 4070” mal*MEs )
+ (ni(; + %HWAH ) (28% |Inmp — 1,||* + 240ns% s MB)

D, = <80 24000 ) (28% |Inmp — 1,||* + 240ns% sE MB)

We further set cal < 32, and we can obtain that

480n||TA||* Mz sh (o L? + ca®L?) + %‘)‘2) +4eal — i < 1000n||7a||* M3 sHa?L? + O‘2L22]32 - é

So we have that
1

1
1600\/n||7a|MpspL’ 41\/D,

So use the upper bound we obtain the lemma.

} = 8000n||7a|>M2s5%0°L? 4+ 40°Dy — 1 < 0

a < min{

1 o 0 2] _2(VF(w®) = Vf(w)) 2AVF(w®) = Vi) =
1 LB [T <SR Do < SRR 4 D

O
3 Analysis

Note that in the Theorem the coefficient Dy of o2 is independent of the learning rate o, which
is unrealistic in the analysis of the convergence. To address this issue, we consider applying the
inequality derived from the L-smooth property to the m-step update equation of w.

14



Lemma 11.

F) = f@©) _
m(K +1)

(07

m(K +1) Z

k=0m,--- mK

m—1
<7T an— w(m)ﬂ
=0

oL — (k+i) |2
e m i
i+, 2 Myt

169

Proof. Since w7 = w®) — an S 1y (*+9) we can apply the descent lemma and obtain that

m—1 2 m—1
m 7 a’L %
Fw®m) < fw®) <7r >y <">>>+2||w£ > yEP
=0

i=0
170 Taking conditional expectation, we have

E {f(w(’”m))} <E [f(w(k))] —aE

171 By summing over k =0, m, - - -

m—1
<w£zy<k+w,w<w<k>>> + 2L [ zywﬂ
=0

,mK, wehave T = m(K + 1), and we have

<w SRR
=0

OézL m—1
N L (k+1)12

flw®) — fw®) a
m(K +1) S_m(K—&-l) Z

k=0,m,--- mK

=0
172

Then we finish the proof of the lemma.

173

Next, we decompose the expectations of the separated quadratic term and the inner product term
Lemma 12.

m—1

7”71' Z y(k?“rl ||2 <C OézLH Z —(k+1) ||2 +2a2L|‘ﬂ£(Z B’L 7mBoo) (k)||2
=0

m—1
+ 20‘2LH7TA Z Bm 1—i )(g(k+i) _ g(k))HZ
i=0

174

175

Proof. Since 7t aly ) = ¢S L gktD S L2 (T — By )y ), the squared norm
term can be decomposed as follows

m—1
042

m— m—1
2 H7TA Z y(k+i)||2 < c2a2L| Z k+z‘)||2 + a2L|| Z 773;([ _ Boo)y(k+i)||2
i=0 i—0 Pt
e Sinee SN (I — Boo)y ™) = wf (S B - mBo)y® 4 af S (BT
177 Boo)(g*+?) — g(*)), we have

Oé2L m—1 N m— m—1 )
PLy S 60 <) S g6 4 207 L (S B = mBa)y )
1=0 1=0 i=0
m—1
+20°L||7h > (B™ = Boo) (g — g™)|?
=0

178 We finish the proof of the lemma.
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Lemma 13.

B m—1
—oF <7T£ Z yF ), Vf(w(k))>]
L i=0

=—aE <7r£(mz_:1 B — Boo)y(k), Vf(w(k))>] — camlE [<§(k), Vf(w(k))>]
i=0

B m—1
—aFE <7‘(‘£ B’m—l—i(g(k-l-i) _ g(k)),Vf(w(k))>

=0

179 Proof. Consider the inner product term — <7r£ Syt v f (w(k))>, we have that

m—1
—a <7T£ Z y ) Vf(w(k))>

=0

=—a <w£(§j B’ — By )y, Vf(w<k>)> — cam( ,Vf (w' )>
=0

m—1
—a <7TZ§ > BT (gt — gk, Vf(w““))>

=0

180 taking conditional expectation, we obtain the lemma. O

181 4 Convergence Analysis: Quadratic Term

182 4.1 Technical Lemmas
183 Now, we perform upper bound estimates for the decomposed terms of the expectation of the quadratic
184 term in Lemmal[I2]

Lemma 14.

m—

Z k—s-z)H2

=0

C20é2L Z
m(K +1)

k=0,m,--- mK

5 5. o 4cta*mL
<acta?Lo? + 22 2L > [||Vf<w<’“>>u2}

K+1 k=010,
m(K+1) m(K+1)
b 0L TS g [aw ] + et TS g g ]
n(K+1) - * K+1 —
473 m(K+1)
n(K +1) & v

185 Proof. Consider c?a?L|| Y 7" 01 g* 9|2, taking conditional expectation, we have

e m—1 . m—1
o [” 2. g(km”zl <2?LE || 3 (%0 - TF )R] + 2a?mr Y B [IVF )]
=0 =0 i=0

186 Notice that, VO € R™*"_ || 170|* < n||O||2, so we have that

m—1 m—1 m—1
(ki) _ okt 2| _ 1.7 (ki) _ gpttiy2| « 1 (h44) ekt (|2
1 e 77| <12 S e - vren| < L i S v

E

=0 =0 =0
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187 Since the g(*+%) — V£(*+9) of each step k + 4,7 € [0, m — 1] is independent of each other, we have

188 that
(k-H) vf(lc+i)
1 m—1 1 ™= 1 m—1 (k+z) Vf +1i)
—E || Z(g(k-ﬂ) vkt “2] == Z [”g(k—i-i) _ vf(k+i)||2:| _ 2 Z R
n — n & nZ :
=0 0 0 g(k.t,_i) . Vf(k—H)

(k+1)

183 Since on each step k +i,i € [0,m — 1], the element g;

190 each other, we have that

~ Vi e

g§k+i) _ vfl(kﬂ‘) 2
1 m—1 gék+i) o vf2(k+i) 1
SE . :
n = : n
gflk+i) _ VfT(LkJri)
191 So we have that
m—1
2c22LE || Z g(k+z) v kﬂ))d <
n
i=0 i=0

192 So we have

m—1
202LE l| Z g(k+z)||2‘|

i=0 =0

[1,n] is independent of

m}: i |:Hg](k+1) o vfj(k+l)||2:| < m02
i=0 j=1

2¢2a’L i
< E (| (g#H) — v )2| < 2c’a’mLo?

m—1 .
<2c?a’*mLo® 4 2c2a*mL Z E [\\W(k+1)||2]

193 Noting that ||V7f(k+i)|\2 < 2||Vf(k+l) VF(w®)|? + 2|V f(w*)||2, we have
m—1
2c2a*mL Z [HVf(k—H) }
m—1 bt m—1
<4a®mL Y E [||V7< 0 VI @®)|?] +4ctaPmL Y B[V £(w®))?]
i=0 i=0

4c2a?mIB ,
< N E { (k+i) _ (k)
< - |Bs w

=0

||2} +4c%a

194 The last inequality above is because of

2m? LE (|7 f(w®) 2]

)1e]

Vfl(w(k))
—Vf

2

2(w(k))

V fu(w®)

m—1 m—1
i 1
> B [I97" - V)] = 3B 12T (7840 - v
i=0 i=0 n
Vi (SUEZT;) -
m—1 m—1 1
1 . 1 V fa(zx
<= E [”Vf(k:+z) . Vf(’w(k))HQ} _ = E f2( 2 )
n n 4 :
1=0 1=0 et
Vfa(alh ) -
acgkﬂ) @\ |[?
m— (k+1) _ (k) 9 m
L? Ty w L
<— —— (k+i) _
2i T —w®)

195 By summing over k =0, m, - - -

o’

m(K +1)

2.

k=0,m,---

m—1
£ [| S gtk
1=0

mK

17

, mK, we have T = m(K + 1), and we have
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1

2 o o, AcPa?L? (S ki) _ o (R))|2
SQC a“Lo + m Z Z E |:||X H i|
k=0m,--- mK i=

2.2
+EEIE S B[V

k=0m,--- mK

196 Note that E [||x*) — w(*)||2] < 2E {HA&k—H)Hz] + 2E [|jw*+9 — w(#)|2] and that

i1 i1 i1
E[[w*) - w|?| =E |ade Y y* P | < 2B | adsBo Y y* || +2E |ada 3o AF|?
j=0 j=0 =0
i—1 i—1
:202(12]}3 H]IZZg(k"r])HQ +2Oz2E ||AOOZA£/k+])||2
j=0 §=0
<2nc’a’ ZZE [Hg(k+3)” } +2na2H7TA||2 ZZE [HA(’H-J I ]

7=0

197 Where ¢ = nrwk 4T B, then consider the simplified summations.

Z nilzil[g |:||g(k+j)”2:| < Z ”illi]E [|‘g(k+j)||2]

k=0,m,--- , mK i=0 j=0 k=0,m,--- , mK i=0 j=0
m—1 m—1 m(K+1)
> E[lgtr] i< Y Y mE[lg® ] <m P E [15912]
k=0,m,--- , mK j=0 i=j k=0,m,--- , mK j=0
198 Similarly, we have that
m—1 i—1 m(K+1)
> N E[IAI <mt 32 E[IA0)E]
k=0,m,--- . mK i=0 ;=0 t=0
199 Summarize the discussion above, we can obtain the estimation
4’13 e .
Aca” L™ E[ (ki) _ (k) 2}
n(K + 1) 2 2 E|k v
k=0m,--- mK =0
m(K+1) m(K+1)
82?3 ( 16¢*m2a*L3 B
<=2 S E[IARR] + 25 S E 10
n(K+1) ~— K+1 —
m(K+1)
16¢*>m2a* L3
+ WK 1) Z [”A?(f)”ﬂ
t=0
200 then we obtain the lemma.
2oL el ,
— > 1> g%+
m(K + 1) k=0,m,--- mK =
4c?a®>mL
2 27 2 ONE
<0’Lo’ + 25 Y E[Hw(w )H
k=0,m,--- mK
8c2a?L3 m{E+1) 16¢*m2aL3 mE+1) _
trwry X ElAOP - THET— X B[O
t=0 t=0
16 2 9 4L3 m(K+1)
n(E+1) =
201 We finish the proof of the lemma. O
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Lemma 15.

a?L T (i a?s4L||mall?
i k2| < B E A(k) 2
mETD . B lm(;B mBely WP < SIS 3 B[IAPIP]

k=0,m,--- k=0,m,--- mK

200 Proof. Consider o®L||7% (37" B! — mBo,)y™ |2, taking conditional expectation, we have

m—1 m—1
w*1LE [w;(z By | <2 IS B - - Boo>y('f>u2]
1=0
<a’Ljimal? Z ) IPE [ A%0)]
<a’s}L|mal’E [nAgﬁ)n |
203 By summing over k =0, m,---, mK, we have T = m(K + 1), and we have

a?L Z E HWT(MX_:lBi_mB )y ® |2 <(12823L||7TA||2 Z E[HA(k)Hz]
m(K +1) . Al °° = m(K+1) v

k=0,m,---, k=0,m,--- mK
204 We finish the proof of the lemma. O
Lemma 16.

oL
m(K + 1) Z

k=0m,--- mK

m—1
Ieh > (B™ 1 = Boo) (g — g(k))IIQ]

=0

m(K+1)
<6a2L||7TAHQSQBU2 + 18 LP||mal*s% Z ||A(t)||2
m K+1 =
m(K+1) m(K+1)
n 180 L?||mall”s% [ Aso |1 > AP+ 18n°a* L33 | mal|*[|75]* [ Ao || 3 g2
Y
K+1 P K+1 por

205 Proof. Consider oL|7% >0 1(Bm 1=t — Bo) (g9 — g2, and let g®) — V f(x(*)) be
206 denoted as G*) = g(*) — v f(x(*)), taking conditional expectation, we have

m—1
o’LE lIW > (B" ' -B )(g(’““—g(’“))IF]
=0
me1l ‘ m—1 )
<3a’LE |7} > (B™ ' = Boo)GHH|?| 4 30’LE lm}; > (BT = By )G
i=0 =0
m—1 . )
+3a2LE |||n% Y (B — Boo)(VF(x ) - Vf(x(’“)))ﬂ
=0

207 Based on the independence in the expectation calculation, we have

302LE

m—1 m—1
||7T£ Z (Bmflfi _ BQQ)Q(IHri)HQ] < 3042LO'2||7TA||2 Z ”Bmflfi _ Boo||2
1=0 1=0

208  And we have

302LE

m—1 m—1
Imk > (B - Boo)G('“)IIQ] < 3a’Lo®|mal*| Y (B™ ' = Buo)|?

=0 =0
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200 By summing over k = 0, m,--- , mK, we have T = m(K + 1), and we have

a2L m—1 4 4
- E T BnL—l—z_Boo (k+i) _ (k)\||2
mETD . 2 [Im > (g — g™
k=0,m,--- mK i=0
3a2L||m 42 = ,
Ll E Bm i G_(k:-i—z) 2
TSP SR [P B )G

3a2LH7rA||2
p3°Hmal® e~ g
m(K T 1) k=0,m,--- mK

m—1
” Z pm—l-i _ B )G(k)2‘|
=0

-1

Cv2 .
* m<3K+L1> >, E l“m D (BT = Bu)(VF(xMY) Vf<x<’€>>>||2]
mK

k=0,m,--- =0

3C¥2Lllmllz T 3a L||7rAH2 2 ™l
< ZIIB = B[P + IIZB = Bo)II?

302 i Tm—l - 4 -
— > m=i=t (k+i)y _ (k) 2
PRI > E|ImA Y (BT - Ba)(VA) — VD))
k=0,m,--- mK L i=0
<3a2L||7rA||282302 N 302 L||mall?s%0?

m m

2 m—1
+ m(?’;ifl) S E |7k DY (B = Boo)(VAEFTD) = v (xW))|?

k=0,m,--- mK L i=0

210 Noticing that

0[2 m—1 ‘ ‘
m(gKfm Do Imh YT = Bu) (Vi) - V)|

k=0,m,--- mK =0

a2 m—1 m—1 ‘ . ‘
m<3K+L1> Do IR (BT = BV = V)

k=0m,--- mK =1 j=1

3a2L||mall?

m—1 m-—1
<AL Y Y B = BV ) - )

k=0,m,-,mK i=1  j=i

m—1

3a2L||mal?s? ; i
S Z STV FEEHD) - V(D)) 2

K+1 k=0,m,--- mK i=1

2 m(K+1)

3a’L?||mal*s%
SaTL|ma|"sp (1) (82
S
m(K+1) m(K+1)
St Ly B NG R o2 1 i WIS
=T K +1 @ K+1
t=0 t=0
211 Since
m(K+1)
o0 kP shllAsl® "2 o
K+1 P
m(K+1) m(K+1)
80 DmalP Al "SR A2, 18070 s lmalPlmp Pl AP S oy
= K+1 Y K+1
t=0 t=0
212 Then we have
m—1
LY B[ B - B - g
m(K + 1) k=0,m,--- mK =0

20



2 2.2 273 2.2 mE+D)
Sﬁa Limal*sp o  18a”L°|mal*sp 3 ap)e

m K+1 prd
m(K+1) m(K+1)
n 180 L3||ma|?s% || Asc |12 > 1AaPP+ 18na* L3 s |mal® || 7 51| Ao S g2
K+1 — Y K+1 —
213 We finish the proof of the lemma. O
214 4.2 Main Theorem
Theorem 2.
onL m—1 ]
e I I LD e §
k=0,m,--- mK =0
5 4cta®mL
<2202 Lo [ k) ]
<2a’Lo’ + ———= > IV f (w™)|
k=0,m,--- mK
m(K+1) m(K+1)
4 S20PL TS [ aw)] - 1St TR T o]
n(K +1) e K41 &
t=0 t=0
4 3m(K+1)
n(K +1) = Y
" « SBL||7TAH Z E |:||A(k)‘|2}
Y
(K + 1) k=0,m,--- mK
m(K+1)
+ 60[2L||7TA||2823 o2+ 18&2L3||’7TA||2323 Z ”A(t)”Z
m K+1 — r
m(K+1) m(K+1)
L 18t LA malsh ] A 3 jav)2 4 18na L3 s [|mal|® || 71| Asc|” 3 g
K+1 Y K+1
t=0 t=0
215 Proof. Substitute Lemma[T4] [T5] and[T6]to Lemma|[I2] we obtain that
aQL Tm—l )
(k+1i) 12
k=0,m,--- , mK =0
5 o  4cta®mL
<2202 Lo [ ]
<2¢*a’Lo +7K—|—1 Z IV f(w
k=0,m,--- mK
m(K+1) m(K+1)
L 8c?a?L? Z E [HA(t)HQ} 16¢*m2atL? ™ Z E [”g(t)H }
n(K+1) v K41 —
m(K+1)
16¢>m2a* L3
+ T S E AP
nK+1) o
o?spL||mall®
D DR 1 PN
m(K + 1) k=0,m,--- mK
m(K+1)
+ 6a2Ll|7TA||2523 o2+ 18@2L3||7TA||2SQB Z ||A(t)||2
m K+1 — r
m(K+1) m(K+1)
L 18t LPmalsh ] A 3 a0+ 18n2a L3 s [|mal|® || 71| Asc|* 3 g0
K+1 — Y K+1 pors
216 We finish the proof of the theorem. O
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217 5 Convergence Analysis: Inner Product Term

218 5.1 Technical Lemmas

219 Now, we perform upper bound estimates for the decomposed terms of the expectation of the quadratic
220 term in Lemmal[I3l

Lemma 17.

— ﬁ Z E [<7T£(z_: B _ Boo)y(k),Vf(w(k))>]
;mK

k=0,m,--- i=0

co y olmallsh 5~ o)
<> E{ (k) } ATAl B E{ AR) 2}
TAK +1) Z IV + em?(K +1) 14,71

k=0,m,--- ,mK k=0,m,--- ,mK

221 Proof. Consider —aRE [<7r£(27;61 B — B,.)y™®, Vf(w(k))ﬂ , we have that
m—1

<ﬂ£(2 B' — Boo)y™, Vf(w(’“))>]
i=0

<7T£(mz: B’ — Boo)(I — Boo)y™, Vf(w(k))>]
=0

<almallssE [|AP 1 f(w™)]]

—aolE

=k

(k)12
E [||V f(w®)]]? cm E 147 2||malls
[V £t ] e atraton . EIAE] lmalss

<aflmallss

2 2|mallss 2 cm

2.2
allTall*s
E [Ivf®))?] + A5 g [ a0 2]

cmo

4

222 By summing over k = 0, m,---, mK, we have T = m(K + 1), and we have

m—1
. ﬁ > E K”Z{(Z B' - Boo)y(’“),Vf(w<k>)>1
;mK

k=0,m,- i=0

ca 2 allmal?s? e
< S IE{ (k) } Al oy E{ A z}
74(K T 1) k=0,m,--- ,mK HVf(w )” i Cm'Q(I( + 1) k=0,m,--- ,mK H ! H

<

223 We finish the proof of the lemma. O

Lemma 18.

Rii, 2 Bl viem))

k=0,m,--- mK
m(K+1)

ca —=—(k) cal? (t)
START D k:o,n;,mKE R reny 2 E [y

ke 2 E[IVr®)r]

k=0,m,--- mK
224  Proof. Consider —camlE [<§(k‘), Vf(w(k))>], we have that

— camBE [<§(k), Vf(w(k))ﬂ

= — camE Kvﬁ“’”, Vf(w(k))ﬂ
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Cam

<- R [IFFV)P] -

cam cam

E [V (™)) +
do not ignore
< - g [IVFO] + o [1A01] - ST (97w

225 By summing over k = 0, m,---, mK, we have T = m(K + 1), and we have

w1, > B[ v

k=0m,--- mK

E[IV7" = 9 f(w®))?]

m(K+1)

<mm, X EIV gy 2 sl

k=0m,--- mK t=0

s L E[I9i®)P]

k=0,m,--- mK
226 We finish the proof of the lemma.
Lemma 19.

8]
>

k=0,m,--- mK

<’7T mE:le 1— z k+i) —g(k)),Vf(w(k))>]

i=

m(K+1
<540zL2||71'AHQ(SB-i-mHBooH)2 :

- em?(K + 1)

(t)
> E INYN

| M43 L a2 | A |2 (s + ]| B ) S

em?(K +1)

t=0

| W L2 mal? s | sl P (s + mll Boc)? "SR T
> E[lg")]

em?(K +1)

k=0,m,--- mK

227 Proof. Consider —aE [<7r£ S B ikt _ gk Vf(w(k))ﬂ , we have

m—1
—oF Kﬁ > Bmii(glht g™, Vf(w(k))>1

m—1
=aE <—w£ Bm‘l‘i(Vf(X(’““))—Vf(x(’“)))ﬂf(w(k))ﬂ
i=1
m—1 ) )
<aLllral 3 1B E [[x5H = x| 9 (w®)]]
i=1
m—1
<saLllmall 3 1B R [JAEH - 1V F ()]
=1
m—1 )
+3aLlmalE [|AD ] - [V @))] 3 1Bm1)
i=1
m—1 . i—1
+ 302 Llmal | Aol Y 1B B |11y & - V™)
i=1 =0
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228 Noting that

m—1

3alLl|r m—1—i i
Jolfmal 5~ S B [Jal - 9 )]

m(K + 1) k=0,m,--- mK i=1

m—1
< Jolimall_ 12Dlrallen + miBl) 5~ K sy gy

“2m(K +1) me k=0,m, - ;mK i=1

3aL||mall mc RIS
+ AL (sp + m|Buo|)) - E ||V f(w®

m(K+1
_18aL2mall2(ss + mllBucl? "2 v
At > E[Ia0)]

t=0

sy 2 E[IVA@®P]

k=0m,--- mK
229 and that

m(K + 1) k=0,m,--- mK

3aL|ma|(s +ml| Buo|) ¢
< E [HA® |1V £(®
S k:og,.:..,m;( AP 175 ®)]]

c3allmall(sp +ml[Buoll) 24L[mall(sp +m|Bx|) S OE {HA;(Ck)”Q}

- 2m(K+ ].) cm o e
3aLlmall(sp +m| B ) om k
: E{ VS (w® 2}
(k41 Sl T B, 2= PV
m(K+1)
<Soellmalllen + Bl 75 g a0y
em?(K +1) poard x

‘w2 B[V

k=0,m,--- mK
230 and that

3a2L7T Aoo m—1—1
WLAlA] g e ||Zy<'“+f>u 97|

m(K + 1) k=0,m,--- mK i=1

9 m(K+1)
3ot HimalllAsl(os + miBel) S8alimallldelon + mlBol) "5~ [y 0]
- 2m(K + 1) cm —

302 Lljmallll Acc (s +m]| Bool) em ‘

- E [V (w®)]?
2m(K +1) BallallAxGa FmlBall,_, 2= .

TPl A o + Bl "SR v
- em?(K +1) — Y

tomrn o B[P

k=0,m,--- mK
9 m(K+1)

1440<‘°’L2||7TAH [ Ao |I*(sB + m|| Boll)
(e'e] [ee] E A(t) 2
em?(K + 1) ;) [” Y I }
m(K+1)
. 144n°a® LP||ma P |7 |I° | Aol (s B + M| Bool)? 3 E[Hg(t)||2]
em?(K + 1)

t=0
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tomrn L B[P

k=0,m,--- , mK
231 Then we obtain the lemma.

8]
R 2

<7‘r mX:le 1— 1 k+i) —g(k)),Vf(w(k))>]

k=0,m,--- ,mK =1
m(K+1)
SaP P o+ ml Bl ™S 1y
em?(K +1) o ’

m(K+l

i ol Pl ¢ Bl ™S gy
em?(K + 1)
m(K+1)
144n2a3L2||7TA|| H7TBH ||Aoo|| (SB +m||Bo<>||) Z [”g(t)ll }
em?(K + 1) t=0

Tca 9
+ 320K +1) > E {va(w(k))ﬂ }

k=0,m,--- mK
232 We finish the proof of the lemma.

233 5.2 Main Theorem

Theorem 3.

- m(K +1) D

k=0m,--- mK

(i s
=0

k=0,m,--- ,mK k=0m,--- mK

ca (k) car? T™ED
— o Y. E|IVIP|+ 5 > E[IAP|?
2(K +1) ha T i [ } 2n(K+1) = [ }
m(K+1)
+ 5404L2||7TA||2(SB +m||BooH)2 Z E {HA H ]
em?(K +1) —
m(K+1)
144OZKQ'L2||7TA|| [Asc[*(s5 + m||Bx|)? $ E[”A(t)”z]
em?(K +1) — Y
m(K+1)
N 144n20° L2||ma||* | 75| Ass |1 (s 5 + ml| B [1)? Z [”g(t)H }
em?(K + 1) —

23 Proof. Substitute Lemma[T7] [18and[19]to Lemma[T3] we obtain that

m—1
_ ﬁ 3 <7T£ 3 y(k+i),Vf(w(k))>]

k=0m,--- mK =0

ca 2 (YHTA 52 N

=0,m,--- ;mK k=0m,-- mK

m(K+1)

_ 12
s X E[VEVR] e > B[IA0N]

k=0,m,--- mK t=0

m(K+1
 HoZlrall (os + Bl "5 g 1y
em?(K +1) t=0 ’
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m(K+1)
1440° L |7 a|* [ Asc | *(s5 + m|| B )
" > E[Iapr]

2
em?(K 4+ 1) —
m(K+1)
| M2 L2 ma |Pllms |2l Ao |* (s + ml| Boo[)® S OE [Hg(t)”ﬂ
2
em?(K +1) —
235 Then we finish the proof of the theorem. O

236 6 Convergence Analysis and Linear Speedup

237 6.1 Substitution

26 Lemma20. By setting o < min{p, 15507, 25MBS;L\|AOOH’ \/1360ns?4523M,23L2f85§‘L2Hn7r37]1nH?’
780L+\/16c2L2+2(960nH‘n—AH2M2 2 L2(1+c2)+Dy)
2(960n||wall2M2 5% L2 (14c2)+D2)

co —=—(k) 2
TSy kzog;m}{E I971] (22)
f@O) — f®) | 4(m?e’ L1y + oLH3)(Vf(w) — Vf(w)))
m(K +1) em?(K +1)

Solall’sh o, 2°0°L | 6*Limall’sh o , Sashimal?

239

} and m > 1, we have

cm? n m m
200(2LH2
_l’_ - =
m
n 30000c*s% MpspL (cm®nHy 4+ ncLsy M3EHa + mLshM3)
o
em?

+ 2(7’)’120[3[/11 + aQLH3) 0_2 + 2(’/’)’7,20(3[/11 + OZQLH3) ]-:')10_2

Mpgsgno? + 320m2c2at P Mgsgo?

m m
240 Proof. Substitute Theorem[2]and 3]to Lemma|[T1] we have
F®) — Fw®)
m(K +1)

4c?o®mL ca 2
- (k)
S( K+1  32(K+ 1)) ) (),Z I {HVf(w )II}

=0,m,-- , mK

, 2.2 2 2.2
allral®sy Z E {HA;E,A)H } 2¢%a’L e 6 L||mal| SE 2

2 ( K
em? (K +1 n m
( + ) k=0,m,--- , mK

_|_
m(K+1)

o (&) o cal? )2
e A E[la®)?]
2(K + 1) k:O;mK {H Il 2n(K +1) ; 1271
m(K+1

| Sdal?|mal(sp + m| B |)? (Z )E [Hmt)”z}
em?(K +1) o ’
m(K+1
¢ 1Mo 2 Pl o mlBol)” ™S g 1y o]
em?(K + 1) P Y
m(K+1)
144n2a3L2H7TA|| I75]* | Axc |I* (5B + m|| Bsol|)? Z E[”g(t)H?}
em?(K +1) —o

26



(K+1)

82023 ™ 182 L3||m 4?52 mEy
50t "Gy o] | 8Ll TS
SETD ; 101+ =% ; [N
M mgfl)]E [”A(t)Hﬂ + 180‘4L3||7TAH252B”A00”2 mgfl) HA(t)H2
n(K + 1) P Y K +1 =0 v
1t llma Pl el ™S o 164mat TS g o
K+1 =0 g K+1 t=0 ’

2 2 2 .
241 For (4CI?+TL — 32(?“)) > ko i E IV (w®)[]7, by setting @@ < 50—, we have

62042m CcCQx 2
242 (4 K11 b 32(K+1)) Zk:O,m,m i B [||Vf(w(k))H] <0.

2

e
@

) : . ) HONEFNE) )
Moving ﬁ > k=0.m.... mx 'O the left side of inequality, and moving % to the right
244 side of inequality, then simplify the remaining terms, we have

co =—-(k) 2
KT, > E[NVFYR

=0,m,--- mK
_ ) — )
- m(K+1)
ollmall?s} o] L 2°0°L 5 6a?Llmall’sh
afral”ss E[Iaf)?]
em?(K + 1) Z i 128571°) + n - m 7
k=0,m,--- ,;mK
Jr
m(K+1)
cal?
_cal” IE[ AW 2}
* K T ; 1AL
m(K+1
ML lmall (os + Bl ™52 1y o
em?(K +1) pars ’
m(K+1)
o Mot A Pl Aee o + Bl "5 [y g
em?(K +1) o Y
m(K+1)
L P Pl A P+ Bl ™52 g
em?(K +1) i—o
S S g A + LA S oy
n(K+1) & ’ A=
M m%l)E {”A(t)‘ﬂ + 18044L3||7TAH2523”A00”2 mgfl) HA(t)HQ
. 18n20* L35 || 742|175 ||| Aco |2 m(KZH) ||7(t)||2 + M m(KZH)IE [Hg(”ﬂ
K+1 I K+1

t=0 t=0
245 We denote g(?) — V £(x()) as G(), we have

a?spL|mal

k—1
2B Al E Bk*l*i _ B (i+1) _ S(8)\12
B P IIIDY () — g
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m(K +1)

k—1
> E [ll Y (BFT = Bo)(GUTY — g
s I i=0

k=m

k—1

200 mAl® g g | S (g By (D) - T 2

k=m, i=0

m(K+1)
S8a25‘}3LH7rA||2024_ 2025 L3 || al? Z E {Hx(t-i-l) (t)||2}
9 4 9 9 4 73 o m K+1)
S8oz spL||mall o2 4 1207 sp L7l Z E [IIAQ)HQ]

t=0
1205 Lmall A 2 g [1a9y2]
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(1) >, =[]

t=0

5 2
W > E[laP]

k=0,m,--- , mK

246  And

(K+1)
Sallmal’sh | 120fmalPsh ™

ot > E[jal)?]

t=0
19 3 9 4L2 m(K+1)
s
em?(K + 1) =
m(K+1)
+12n2a3||7"AH2”77B”25%3L2 Z E[||g®)
em?(K +1)

247 So we have that

sy > BV

k=0,m,--- ,mK

f@®) — f®) | Solmal’sh o, 2%’L ,  Ga’Limal’sh 5, 8a?shLlral? ,

- m(K+1) em? n m m
m(K+1) m(K+1)
12a|ma|*sp L2 Z E [”A(t)‘ﬂ M Z E {”A(t)”ﬂ
em?(K+1) & v m(K +1) — e
m(K+1) m(K+1)
el TS g [jawyp] 4 Hellmalln + mlBel)® "5~ o]
n(K +1) —~ v em?(K +1) —~ v
m(K+1) m(K+1)
T M Z E [HA(t)HQ} 18« L3||7TA”282B Z ||A(t)||2
n(K +1) = v K+1
m(K+1) m(K+1)
e 1 [P e Tl LT ey S (INCTE
em?(K + 1) — Y m(K +1) —
L6 matL? " 180123 ma s | Al "
R A B %) A(t) 9
+ n(K +1) /z':) {H y H } K+1 ; ” Yy ”
m K+1
4 M0 LR ) A (s 4 il Becl)” '~ > B [1a0)]
em?(K +1) P y
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m m(K
B R T [ Vil LA G S Su T
em?(K + 1) 2 g m(K + 1) 2
m(K+1)
L M2 L2 ma|Pllms 2] Aco |* (s 5 + ml| Boo [)* 3 [Hg(t)Hg]
em?(K +1) —
(K+1) ) o m(K+1)
18n2a L3sL || mallPllmall? ]| Aso 2m 16¢Amat L3 i o
+ BH A” H BH || || Z “g(t)||2+ - . Z E {H!I(M‘_}
K+1 pare K+1 —
248 By setting o < 52—, the coefficient of Zm(KH [||A§f)||2] can be simplified to O‘IL(ﬂl, where
13|74 ||?s% c 54|17 4ll2 (s + m||Bsol|)? 2c 3|7 4ll%s%
, Imalsh | Sl + mIBal)? | 20 Slmallsh
cm? 2n cm 3mn 2cm

249 By setting a < 51, the coefficient of SomEED [||A§f)||2} can be simplified to % +

250 n(K+1)

, Where

Slimalsh | 3sBllmal®lAsol® | Ollmal®shllAccl® | 72mall* Asol*(s5 + milBoo [)*

H, =
2 m m 2¢2 m
251 By setting @ < 5L, the coefficient of 7" ™V E [||g)|2] can be simplified to % +
osp LU ma L (i“],\’ffl L , where
_n?mal?llmsl?sh | 3n’shlmal®llmsl? Al 72n2||7TA||2H7TBH2||Aoo||2(813+m||Bc>o||)2
Hs = 2 + 2 2
cm cm cm
. In?shmall?lms (| Aso|®

2¢2
253 Then we have that
co { T
s > E[INFY)]
2(K + 1) k=0m,--- mK
f(w(o)) - f(w(*)) 8a||7TAH25’j§ o2 4 202'“21402 + 6042L||7TAH2323 o2 + 8‘123%[’”7“”202

m(K +1) cm? n m m
m(K+1) m(K+1)
OzL2H1 042LH2
E[AQ)] + 52 E[lIa@)?]
Fer o B[R]+ s 2 E[ian
3 m(K+1)

16¢2ma* L
SIS APIF]
toErD o B

a2LH3 m(K+1) 16¢ 1 o 1];:,) m(K+1) -
s S ] S
TR E g™ 1) + > 5]

t=0 t=0

254 Then we substitute Z;TL:(OKH)E[HAZ(,”HQ} by Lemma And we set a <

: 1 1
255 mln{m ) emL }, we have that

co —— (k)
sy, o BT

=0,m,--- ,;mK
F@®) — f@t) | SalmalPsh o 2%°L , 6a?Limalsh o Sa%shLimal?
m(K +1) em? n m m
2002 LH,
+ - =

Mpsgno? + 320m%a* L3 Mpspo?
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2 m(K+1)

am?nLH; + 200nca? L3s3 MEHy + 3200c*m3a’ L5 s% (t41)112
" ey > E[Iaror]
120nc20t LAy MEH2 "om 11 oa] L 19206 maS Lo ME s
e Dl [ MR o > E[la1?]
t=0
m(K+1) q m(K+1)

2LH3 16¢tma*L?
E|: (t) ] . ]ﬂ{ (t) }

And the coefficient of Zm K+ R [||AJ+1) HQ} can be simplified to

3200a L (cmSnHl + ncLsQBM?BHz + mLs2BME%)
em3n(K + 1)

256 So we have
co =—(k) |2
s > E[VFI]
2(K + 1) k=0m,--- mK
fw®) = fw™) 804||7TAH28%02 . 202&2L02+ 6a2LII7TAH282302 L SQQS‘ELIIMIIZGQ

m(K +1) em? n m m
200?LH
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m(K+1)
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em3n(K + 1) ’”
t=0
120nc*a* L3s3 M3 H, m(KZH)E [||7(t)||2] 2000c*mal L°s%, M% m(KZ—H)E {H }
m2(K + 1) £ g K11
o’LH;g mE+1) 16ctmatr3 " ELY P
" E|: () 2] oo e E{ ~(t) _)}
TR E ) 2; l9912 ) + g 9]

257 Then we substitute Zm(KH) E {HAEJ) HQ} by Lemma And we set @ < min{z2—, -}, s0 we
258 have that
ca =7 (F))2
NI e s
2(K + 1) k=0,m,--- mK
f@) — f(w™)  8allmal’sh o2 + 2(52@2L02 + 6a’L|ma s o2+ 80‘231113L||7TA||2U2

m(K +1) cm? n m m

20’ LH
+ %MBSBHO'Q +320m2ctat L3 Mpspo?
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o
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N 200000 L (em®nHy + ncLsh MEH, + mLsh M3) (s4Inmp — 1, |12 4 120ns% s M32) m(KZH) 15912
em3n(K + 1) —
L20ne O MGH, " 1), 20006 mat Lo T
m2(K + 1) g K+1 g
t=0 t=0
m(K+1) o m(K+1)

o?LHg 16¢tmatL? 5
) IE[ g 2}+,7 ) ue_‘[ ® }
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259 By setting @ < —L—- and i > 1, we can simplify the coefficient of SEt R (119 |?] as follows.
200000 L (cm nHy + neLsh MEH, + mLsiM3) (s ||nmp — 1, ||* + 120ns3 s M3)
em3n(K + 1)
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120nc?atL3s3 MAH,  2000¢*maSL5s% M3, o’LH3 16¢tmatL3

m?(K +1) K+1 m2(K + 1) K+1
a?LI; o’LHs _ m2a’LI; + o?LHg
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260 Where
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N cn
+ 120ncLs% MEH, + 2000cLss M3 + 16¢3 L
261 And we have
co =—=(k) 12
TE T B {1771
s > EIVEY
k=0m,--- mK

f(w(o)) - f(w(*)) 8a||7TAH25§3 o2 4 202“21402 + 6042L||7TAH2323 o2 + 8‘123%[’”7:4”202

1

m(K + 1) cm? n m m
2002LH
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m
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2% Since E [[|g®]?] < 2E [ng - W(t)||2} +2E [|\W(t)||2} < 20% + 2E [||v7(“|\2], we have

ca =7 F))2

s > E[VFOr]

2(K + 1) k=0,m, - mK

f@) — f(w™)  8allmal’s] o2 + 202@2[/02 + 6 Li|ma s o2 + 8a25%L||7TA||202
m(K + 1) cm? n m m
200&2LH2
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2
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. 2(m2a3 LIy + onLH3)(72 2(m2a®LIy + o?LHj) mgirl)E HW(th}
m m2(K + 1) —

263 Substituting ZZZ(({(H) E [||W(t) Hz} by Theorem we have

ca =7k) 2
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=0,m,--- ,;mK
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264 We finish the proof of the lemma. O
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265 6.2 Main Theorem

Theorem 4.
1 =2(k) 2
®T1 e [Iv7 e
el V7]
k=0,m,--- , mK
2(f(w®) — f(w®)) = 8L(m%aly + Hs)(Vf(w®) — Vf(w™))
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+ 2 o
i 4(m2a2LIl + OzLHg) o2 i 4(m2a2LIl + OzLH3) ]5102
cm cm
0)y _ () 2 1
BUO) S o

vnT vnT Tx

266 Proof. Multiple % on both sides of |22} and we have
1 =7k 12
res DI N2
k=0,m,--- , mK
2(f(w®) = f(w®)) | 8L(m*aly +Hs)(Vf(w?) — Vf(w™))
cam(K +1) 2m?(K + 1)

16[|mall?sh N 4(7(YL0_2 N 12aLH7rA||252502 N 16053‘}3L||71'A||202

c2m? n cm cm

40aLH )
+ MMBSBTLOz + 640m20a3L3M35302
cm
N 60000a%s% MpspL (cm®nHy + ncLsh MEHy + mLs%, M3)
c2m?
N 4(m2a®LI; + OZLH3)02 N 4(m%a®LI; + aLHj)
cm cm

(@) fw ) _ fw®) @)
cam(K+1) caT

0,2

D10’2

267 Consider the coefficient of £

8aL(m2 aIl + H3)
cm

Ji=2+

268 and the coefficient of the non-red term o2

5, _12aLjmal’sh » . 16asj§LH7rA||202

cm cm

40 LH
+ bMBSBnO'Q + 640m2ca’L>Mpspo?
cm

N 60000a?s%, MpspL (cm?’nHl +ncLsy MEH, + mLsQBMg) 52
c2m?
N 4(m2a®L1; + OZLH3)O_2 N 4(m?a®LI; + aLHj)
cm cm

D102

1 1 -
42 174 16|7a|?s% 2
260 So when m > M we have that 217al55 2« 0®  When o < —Y™_ we have

). c2m?2 = 2vnT" 8cLT’
deal 2 o2 16||mall“ss 2 deal 2 o2 F— .
270 ==0” < Nk Then we have that — - -—20~ + =20~ < NG this is the linear speedup

271 term.
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272 Furthermore, by setting M < M, By, =
1 1 1

1 n
cL’ 128ecmL’ 25MpspL||Ax||’ \/1360718?4523MéLQ-&-SsiLZHnﬂB—Iln||2’

m <

273 min{

—8cL+/16¢2L2+2(960n |7 4|2 M7 5% L2(1+¢2)+ D3 )
2(960n||7wall2M%s% L2 (1+4c2)+D2)

274 }, and 0.5Bg < a < Bg. Since T can be

275 sufficiently large to make —Y"— be the minimum, we have that o ~ O(=), m ~ O(T%). With the

8cLT

x| ‘H
[N

276 help of this,we have that

S8aL(m?ol, + H 1
aL(m?aly + 3)~2+O(—

1
cm Tz

Ji=2+

)

277 so J1 have a constant upper bound 3. And we have that

5, _12aLjmalsh » . L6aspLl|mal® ,

cm cm
40aLH
+ wMBanUQ + 640m3ca® L3> Mpspo?
cm
n GOOOOQQSiMBSBL (cm3nH1 + ncLs%M%Hz + mLsQBM%) 9
o
c2m?

n 4(m2a2LIl + CYLH3)O_2 n 4(m2a2LIl + aLH3)]‘jlo_2

cm cm
L
o
Ti )

278 So we obtain the main theorem

1 = (k)
=5 > EIvP
k=0,m,--- mK
2(f(w®) — f(w®)) = 8L(m%aly + Hs)(Vf(w®) — Vf(w™))
cam(K +1) Am?2(K + 1)

16|74l %s% o2 4 460;L02 n 12aL||74l|?s% o2 1 16045%L||7r,4||202

~O(

c2m? n cm cm
400[LH2
+ P —

cm
N 60000a%s% MpspL (cmBnHl +ncLsh MEH, + mLsZBMé) .2
cZm?
N 4(m2a®L1; + CYLH3)0_2 N 4(m?a®LI; + aLHj)
cm cm

Mpspno? + 640m2ca® L2 Mpspo?

]5102
3(f©) = fw)  o? 1,
T + a7 g

279 O
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